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INTRODUCfION 
Theoretical analyses relating the reflection coefficient to crack sizes have been 
considered by many investigators. The general scattering models which describe the 
relative signal amplitude of an ultrasonic wave scattered from one transducer to another by 
a void of arbitrary shape or a distribution of cracks in an infinite homogenous isotropic 
solid have been developed [1-5]. A scattering model of Rayleigh waves from a planar 
distribution of surface breaking cracks has also been derived [6]. To evaluate the reflection 
coefficient using that model, the stress intensity factors (SIF) of the cracks under Rayleigh 
wave stress fields need to be evaluated. 
There are many publications to calculate SIF for various problems. However, 
except for the embedded crack in an infinite body subjected to remote uniform tension, no 
exact solution for the crack surface displacement is available for other part-through crack 
configurations. Therefore, during the last decade various efforts have been made to work 
on this issue numerically. One of the important SIF analysis methods is the "weight 
function estimation" (WFE) method, which was first proposed by Bueckner in 1970 for the 
plane crack problems [8]. This method was theoretically extended by Rice in 1972 to 
general three-dimensional crack problems [9]. In recent years, the application of the method 
has been developed for a three-dimensional part-elliptical crack under arbitrary load [l0-
12]. 
In this paper, a numerical model is introduced for scattering of Rayleigh waves by a 
planar distribution of surface breaking cracks, using the weight function estimation 
method. To do that, a scattering model for a planar distribution of surface breaking cracks 
using the local SrF will be introduced first. A numerical model will then be presented using 
the weight function estimation method. The numerical evaluation will subsequently be 
performed. 
REFLECTION OF RAYLEIGH WA YES BY THE SURFACE BREAKING CRACKS 
Consider the reflection of Rayleigh waves by a planar distribution of half plane 
cracks in the x-y plane embedded at the surface of an infinite, homogenous, isotropic and 
linearly elastic half space, see Figure I, and consider sufficiently far from the cracked plane 
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Fig. 1 The schematic of a linear distribution of surface cracks and the geometric quantities 
of a semi-elliptic surface crack. 
and at sufficiently low frequencies. The reflection coefficient of the Rayleigh waves 
propagating in the z direction at nonnal incidence to and from the cracks with unity input 
power has been derived in [61 as 
(1) 
where ro is the angular frequency of the wave, m is the number of the cracks presented in 
the substrate, /3 is defined as /3 = 1 for the plane stress problem and /3 = 1/ (1- y2) for the 
plane strain problem, K is the SlF of mode I, E is Young's modulus and y is Poisson's 
ratio. Using Equation (1), the reflection of Rayleigh waves by a planar distribution of the 
surface breaking cracks can be evaluated. It should be noted that the present approximation 
does not take account of the interaction effect between individual crack. Thus the validity of 
the present analysis is limited to crack density that is not too large. 
EVALUA nON THE LOCAL SlF OF A SURFACE CRACK BY WFE METHOD 
For a mode I crack in a three-dimensional geometry subjected two stress systems, 
Rice [9] has shown that there exists the relation 
(2) 
where K(l) and ou(1) are the SlF and the virtual displacement of crack surface for the 
system "(1)", and K(2) and a(2) are the SIF and the stress for the system "(2)", LlS is the 
virtual crack growth area of crack surface Sand /3E is defined as before. Equation (2) is a 
fundamental equation which allows a knowledge of the solution for stress system "(1)" to 
serve as a basis for determining the SIF for stress system "(2)". 
Consider a function of the ratio of K(l) and K(2) in the fonn of a series [10,11] as 
(3) 
where Ak are geometrically related functions which are unknown and 'I' k are a given set 
of functions which are related to the stress field on the crack surface. A system of equations 
can be derived from substituting Equation (3) into Equation (2) for a set of independent 
virtual crack growths LlS i as 
1972 
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with 
For the general crack surface stress a(2), a polynomial series can be used to 
represent it approximately as 
(4) 
(5) 
(6) 
(7) 
with desired accuracy by the proper terms where aD is the stress at the surface of a 
substrate and Pi are the coefficients of the series. By the linear superposition principle, the 
SIF due to stress a(2) in Equation (7) can be calculated by superposing the SIF with the 
individual terms of the stress. Therefore, a specific crack surface stress will be considered 
here as 
(8) 
The g function, Equation (3) is a "modification" of the SIF under stress a i to the 
results for the uniform crack surface stress. It is closely related to the crack surface stress, 
especially the stress near the crack front. In the present investigation, the g has been 
approximated as a function of the crack surface stress at the crack front. Using the 
coordinate transformation relation 
the g function can be assumed as 
x r. th 
-=-SIn't' 
a p 
g(a / c,a / t,<I» = A 1(a / c,a / t)+ A 2 (a / c,a / t)sin i <I> 
(9) 
(10) 
A general three term extension of the crack surface displacement for a surface crack 
has been introduced as 
where Ck are the coefficients which have been derived in [12]. Its derivative can be 
explicitly derived from the expression of Equation (11) as 
CJ 3 k 1 ~= ~)~(l-':') -2 
CJa k=O P 
(11) 
(12) 
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2p da 
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3 - aa 2p (13) 
(14) 
The derivative of displacement u with respect to c has the same fonn as the derivative with 
respect to a. 
For a surface crack, two independent virtual crack growths L1S j can always be 
assumed with a virtual crack growth L1a in "a" direction, and a virtual crack growth L1c in 
"c" direction while the crack front is still kept elliptical, as Figure 2 shows. Then using the 
knowledge and the relations above, Equations (5) and (6) can be solved as 
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Fig 2. Two degree of crack growth assumption. 
(15) 
y 
and 
(16) 
The SIF for the general stress case is then obtained by superposition of the SIF for 
stress <Ji as 
K(2) = K(l)tpigi 
i=O 
NUMERICAL EV ALUA TION OF THE REFLECfION COEFFICIENT 
(17) 
In order to evaluate the SIF of a semi-elliptical surface crack under a Rayleigh wave 
stress field by the WFE method, the stress component of the Rayleigh wave along 
propagation direction has to be expanded as a polynomial. The stress component of a 
Rayleigh wave in the z direction has been derived as 
<J(X) (2V~2 + V~2 _2V~2)e-qx _(2V~2 _ V~2)e-sx 
a(O) = 2V;2 - 2V~2 (18) 
where <J(O) is the stress component of the Rayleigh wave at the surface, q = (k~ - k~)1/2, 
s= (k~ -k~i/2, and VL , Vs' VR and kL,ks,k R are phase velocities and wave numbers of 
longitudinal, shear and Rayleigh waves, respectively. 
Using the coefficient interpolation method Equation (18) can be written in the series 
form as Equation (7). Then, by combining the knowledge of the scattering formula, the 
weight function estimation equations as well as the polynomial of the stress component of 
the Rayleigh waves, and by using Newman and Raju's SIF results as stress field "(1)", a 
numerical model of the reflection coefficient of the Rayleigh waves for a planar distribution 
of surface breaking cracks can now be presented as 
where Yo is the dimensionless SIF of an elliptical crack and Me is the configuration 
function of the crack [7]. 
(19) 
The numerical evaluation of the reflection coefficient for varying crack depth aspect 
ratios, frequencies and the number of the cracks in the region of normalized crack depth 
O<ka<1 has been performed using the newly developed model. The results are shown in 
Figures 3-5, respectively. 
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CONCLUSIONS 
A scattering model for a planar distribution of surface breaking cracks in terms of 
the local SIF of the crack has been introduced. Numerical model has been derived by using 
the weight function estimation method. The numerical evaluation was subsequently 
performed. The results show that the model can effectively be used to evaluate the 
reflection coefficient for varying crack depth aspect ratios and frequencies, and most 
importantly, by using the model the crack depth range which can be evaluated can be 
extended substantially and the result can be improved as long as sufficient terms of the 
stress polynomial have been chosen in the evaluation. 
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Fig 3. The reflection coefficient vs. normalized crack depth for varying crack depth aspect 
ratio. 
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